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Abstract
We show that a criterion for confinement, based on the BRST invariance, holds in
four dimensions, by solving a non-Abelian gauge theory with a set of exact solutions.
The confinement condition we consider was obtained by Kugo and Ojima some
decades ago. The current understanding of gauge theories permits us to apply
the techniques straightforwardly for checking the validity of this criterion. In this
way, we are able to show that the non-Abelian gauge theory is confining and that
confinement is rooted in the BRST invariance and asymptotic freedom.
1 Introduction
The question of why quarks are never seen as single particles is central to a deeper under-
standing of the Standard Model, especially to the QCD sector, which describes the strong
force ([1] and refs. therein). In the course of years, several mechanisms have been proposed
but nobody has been able to derive this property directly from the theory. Rather, some
criteria have been devised that can grant confinement in the four dimensional theory. For
example, Kugo and Ojima proposed a condition from BRST invariance based on charge
annihilation [2, 3]. On a similar ground, Nishijima and collaborators [4–8] obtained a
constraint on the amplitudes of unphysical states signaling confinement. These authors
showed that colour confinement arises as a consequence of BRST invariance and asymp-
totic freedom. Indeed, these approaches are deeply linked. In supersymmetric models,
confinement is proven in certain conditions as a condensation of monopoles, similar to
Type II superconductors [9, 10]. For a comparison of different confinement theories and
their overlapping regions, see [11]. On the other hand, the study of the propagators in the
Landau gauge, initiated by Gribov [12] and further extended by Zwanziger [13], seemed
to point to a confining theory with the gluon propagator running to zero as momenta go
to zero and an enhanced ghost propagator running to infinity faster than the free case in
the same limit of momenta.
Studies of the gluon and ghost propagators on the lattice, mostly in the Landau gauge,
[14–16] and the spectrum [17, 18] proved that a mass gap appears in a non-Abelian gauge
theory without fermions, in evident contrast with the scenario devised by Gribov and
Zwanziger. Theoretical support for these results was presented in [19–24] providing a
closed form formula for the gluon propagator. A closed analytical formula for the gluon
propagator is pivotal to obtain the low-energy behavior of QCD in a manageable effective
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theory to prove confinement. Other results are also essential for this aim, as the behavior
of the running coupling in the infrared limit [25–31] (see also the review [32]), beside
the gluon and ghost propagators. For the latter, the instanton liquid plays an essential
role [33, 34]. Confinement, in its simplest form, can be seen as the combined effect of
a potential obtained from the Wilson loop of a Yang–Mills theory without fermions and
the running coupling yielding a linear increasing potential, in agreement with lattice data
[35]. In 2+1 dimensions there is no running coupling and the potential increases only
logarithmically, granting confinement anyway [36]. This latter work shows an exceedingly
good agreement with lattice results for the spectrum, giving strong support to the value
of this way to solve gauge theories on a lattice.
In this paper, we will apply the condition derived in [4–8], reducing it to the case of
the Kugo–Ojima criterion [3], when, for a non-Abelian gauge theory without fermions,
we start with known exact solutions to solve it [24]. In this way, the propagators of the
theory are known and we can evaluate the behavior of the poles. We will show that this
approach permits an explicit computation of the u function of Kugo and Ojima [3].
We point out that our first aim is to consider QCD without quarks, namely to prove
that a non-Abelian gauge theory with no fermions is confining in four dimensions. In
principle, it provides a rigorous proof that the theory is confining, besides having a mass
gap coming from the derived correlation functions. At this stage, one can state that
confinement is due to the BRST invariance and the asymptotic freedom of the theory, as
well the existence of a mass gap.
The paper is structured as follows: in Sec. 2 we introduce the condition for confinement
that is obtained from BRST invariance. In Sec. 3 we present the correlation functions of
a non-Abelian gauge theory without fermions, quantized by using a set of exact solutions.
In Sec. 4 we show that the confinement condition is satisfied in this case. In Sec. 5 we
present the exact β function. Finally, in Sec. 6 the conclusions are given.
2 BRST invariance and confinement
In this section we present the approach to confinement proposed in [4–8] and show how
this reduces to the Kugo–Ojima criterion [3]. We emphasize that our proof is for the
theory without fermions.
The Lagrangian of QCD is given by
L = Linv + Lgf + LFP , (1)
where Linv denotes the classical gauge-invariant part, Lgf the gauge-fixing terms and LFP
the Faddeev–Popov (FP) ghost term characteristic of non-Abelian gauge theories:
Linv = −1
4
Fµν · F µν + ψ¯(γµDµ −m)ψ ,
Lgf = ∂µB · Aµ + 1
2
αB · B ,
LFP = i∂µc¯ ·Dµc , (2)
in the usual notation, with the convention (1,−1,−1,−1) for the metric signature. We
denote by α the gauge parameter andDµ represents the covariant derivative whose explicit
forms are given by
Dµ ψ = (∂µ − igT · Aµ)ψ ,
2
Dµ c = ∂µc+ gAµ × c . (3)
In general, the BRST transformations of a generic field φ are given in terms of the
BRST charges QB and Q¯B by [2]
δ φ = i[QB, φ]∓, δ¯ φ = i[Q¯B, φ]∓ , (4)
Q2B = Q¯
2
B = QBQ¯B + Q¯BQB = 0 . (5)
We choose the −(+) sign in (5) when φ is even (odd) in the ghost fields c and c¯, which
are anticommuting scalar fields.
The BRST transformations of the gauge field Aµ and the quark field ψ are defined by
replacing the infinitesimal gauge function by the FP ghost field c or c¯, in their respective
infinitesimal gauge transformations:
δAµ = Dµc , δψ = ig(c · T )ψ ,
δ¯Aµ = Dµc¯ , δ¯ψ = ig(c¯ · T )ψ . (6)
Requiring to have for the auxiliary fields B, c and c¯
δL = δ¯L = 0 , (7)
we find
δ B = 0 , δ c¯ = iB , δ c = −1
2
g (c× c) ,
δ¯ B¯ = 0 , δ¯ c = iB¯ , δ¯ c¯ = −1
2
g (c¯× c¯) , (8)
where B¯ is defined by
B + B¯ − ig(c× c¯) = 0 . (9)
On the other hand, the conserved current, from Noether theorem (up to a total diver-
gence) is defined as
jµ =
∑
{Φ}
∂ L
∂(∂µΦ)
δΦ = Ba(Dµc)
a − ∂µBaca + i1
2
gfabc∂µc¯
acbcc, (10)
with {Φ} the set of all fields present in the Lagrangian, from which we get the correspond-
ing charge QB:
QB =
∫
d3x
(
Ba(D0c)
a − B˙aca + i1
2
gfabc ˙¯cacbcc
)
. (11)
So, the Lagrangian with the gauge-fixing term is then
Lgf + LFP = δ(−i∂µc¯ · Aµ − i
2
α c¯ · B) (12)
and evidently we have
δLinv = 0 . (13)
Namely, Linv is closed and Lgf + LFP is exact, and
δL = 0 . (14)
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This Lagrangian yields the equations of motion
DµabF bµν + j
b
ν = iδδ¯A
b
ν , (15)
where the contribution on the right-hand side comes from the auxiliary fields in the La-
grangian. At the tree level, these represent massless particles. Besides, the B field does
not propagate. This means that the current due to these fields should not yield contri-
butions to the physical spectrum of the theory. Also, since ∂ν(iδδ¯Aν) = 0, this current is
conserved. In order to evaluate it, we need to study the behavior of the amplitude
〈iδδ¯Aaµ(x), Abν(y)〉. (16)
Then, according to current conservation, the most general form of its Fourier transform
can be expressed as
−δab(δµν − pµpνp2+iǫ)
∫
dm2 σ(m
2)
p2−m2+iǫ
+ Cδab pµpν
p2+iǫ
. (17)
As we see, we cannot exclude massless excitations from the spectrum at this stage. This
will imply no confinement, as we would get massless gluons. But if the theory is confining,
massless states cannot be physical states. Then,
∂µ〈iδδ¯Aaµ(x), Abν(y)〉 = iδabC∂νδ4(x− y), (18)
that can be cast into the form of an equal-time commutator:
δ(x0 − y0)〈0|
[
iδδ¯Aa0(x), A
b
j(y)
] |0〉 = iδabC∂jδ4(x− y),
(j = 1, 2, 3).
(19)
Based on the preceding considerations, we have seen that the confinement condition is
realized with no massless excitations appearing in the physical spectrum and the current
arising from the auxiliary fields has no effect on the amplitudes of the processes.
We can link this conclusion with the Kugo–Ojima criterion, which is also a no-massless
pole criterion. This can be seen in the following way. Using the Kugo–Ojima formalism,
one has,
δδ¯Aaµ = −{QB , {Q¯B, Aaµ}}. (20)
Using the fact that 〈0|QB = QB|0〉 = Q¯B|0〉 = 〈0|Q¯B = 0, it is clear that
〈iδδ¯Aaµ(x), Abν(y)〉 = 〈iδ¯Aaµ(x), δAbν(y)〉 = i〈Dµc¯a(x), Dνcb(y)〉. (21)
For this correlator, Kugo and Ojima showed [3] that∫
ddxeipx〈Dµc¯a(x), Dνcb(y)〉 = δab
(
δµν − pµpν
p2 − iǫ
)
u(p2)− δab pµpν
p2 − iǫ , (22)
and the no-pole condition yields here
1 + u(p2 = 0) = 0, (23)
which is the Kugo–Ojima condition for confinement.
Thus, our aim will be to derive the u(p2) function and evaluate it for p2 = 0.
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At this stage we note that a possible mapping exists between the Nishijima condition
and the Kugo–Ojima condition when the infrared limit p2 → 0 is taken. From eq. (17)
we get
−δab
(
δµν − pµpν
p2 + iǫ
)∫
dm2
σ(m2)
p2 −m2 + iǫ + Cδ
ab pµpν
p2 + iǫ
p2→0→ δab
(
δµν − pµpν
p2 + iǫ
)∫
dm2
σ(m2)
m2
+ Cδab
pµpν
p2 + iǫ
. (24)
On the other hand, the no-massless pole condition must be taken into account as
C −
∫
dm2
σ(m2)
m2
= 0. (25)
This is analogous to the Kugo–Ojima condition 1 + u(p2 = 0) = 0 in the infrared limit.
3 Correlation functions in a non-Abelian gauge the-
ory
The correlation functions for a pure non-Abelian gauge theory, without matter fields,
have been computed in [24], where the Dyson–Schwinger equations were solved with the
approach devised in [37]. In these computations, the Dyson–Schwinger equations are
solved with no truncation involved but computations are performed to obtain at least the
two-point function exactly. For the sake of completeness, we give a summary of them in
the appendix. Below, we present the solutions.
We note that Ga1µ(x) can be written as in (49)
Ga1µ(x) = η
a
µφ(x), (26)
where φ(x) = µ
(
2
Ng2
) 1
4 · sn(px,−1), with ηaµ constants and p2 = µ2
√
Ng2/2. Thus, the
given set of Dyson–Schwinger equations can be solved exactly. For the two-point function
in the Landau gauge we can write
Gabµν(x) = δab
(
gµν − pµpν
p2
)
∆(x− y), (27)
provided that
∂2∆(x− y) + 3Ng2φ2(x)∆(x− y) = δ4(x− y),
P a1 (x) = 0,
∂2P am2 (x− y) = δamδ4(x− y),
Kam2κ (x− y) = 0 (28)
and Gac2νρ(0) = 0, G
bcm
3µνκ(0, x−y) = 0, Gµbdem4µνκ (0, 0, x−y), Kbcm3κ (0, x−y) = 0, a behavior of
the 3- and 4-point functions in agreement with lattice results [38, 39]. This shows that the
set of Schwinger–Dyson equations for Yang–Mills theory can be exactly solved, at least
to the level of two-point functions.
The propagator is given by [24]
∆(p) =
π3
4K3(−1)
∞∑
n=0
e−(n+
1
2
)π
1 + e−(2n+1)π
(2n+ 1)2
1
p2 −m2n + iǫ
, (29)
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withK(−1) being an elliptic integral that yields the numerical constant 1.3110287771460598 . . .
and given the mass spectrum
mn = (2n+ 1)
π
2K(−1)
(
Ng2
2
) 1
4
σ
1
2
0 , (30)
that is indeed the spectrum of the theory. Here σ0 is an integration constant having the
dimension of mass. It is easy to see how this propagator recovers asymptotic freedom
[4–8]. In the high-energy limit, we make the momenta run to infinity. This yields
∆(p)
p→∞
=
π3
4K3(−1)
∞∑
n=0
e−(n+
1
2
)π
1 + e−(2n+1)π
(2n+ 1)2p−2 = p−2, (31)
as the sum adds to 1. We just note that this propagator is a leading order approximation
when one can neglect the corrections due to mass renormalization to the spectrum of the
theory.
The theory has no massless excitation and thus, already at this stage, we can conclude
that the approach devised in [2–8] appears sound. We will complete the proof in the next
section.
4 Confinement condition
Now, we are in a position to evaluate the confinement condition by computing the u(p2)
function and evaluating it at 0. For the sake of simplicity we limit our analysis to SU(N)
and the numerical analysis to SU(3). This extends the analysis, performed on the lattice,
presented in [40, 41]. We note that, from eq. (22),∫
d4xeipx〈Dµc¯a(x), Dνcb(0)〉 =
∫
d4xeipx〈(∂µ − igT cAcµ(x)) c¯a(x), (∂ν − igT dAdν(0)) cb(0)〉.
(32)
This yields∫
d4xeipx〈Dµc¯a(x), Dνcb(0)〉 = −δab pµpν
p2
− g2
∫
d4xeipx〈T cAcµ(x)c¯a(x), T dAdν(0)cb(0)〉,
(33)
where it has been taken into account that 〈Aaµ(x)〉 = 0 and we used the free ghost propa-
gator. Now, as shown in the preceding section, the ghost field decouples from the gluon
field and the above equation can be written as follows:∫
d4xeipx〈Dµc¯a(x), Dνcb(y)〉 = −δab pµpν
k2
(34)
− (N
2 − 1)2
2N
g2δab
(
δµν − pµpν
p2
)∫
d4p′
(2π)4
1
|p− p′|2∆(p
′),
where we identify
u(p2) = −(N
2 − 1)2
2N
g2
∫
d4p′
(2π)4
1
|p− p′|2∆(p
′). (35)
Then, we have to evaluate the integral
u(0) = −(N
2 − 1)2
2N
g2
∫
d4p
(2π)4
1
p2
∞∑
n=0
Bn
1
p2 +m2n
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= −(N
2 − 1)2
2N
g2
∞∑
n=0
Bn
m2n
∫
d4p
(2π)4
(
1
p2
− 1
p2 +m2n
)
, (36)
with Bn =
π3
4K3(−1)
e−(n+
1
2 )π
1+e−(2n+1)π
(2n + 1)2. This integral is divergent and needs to be renor-
malized. We can evaluate it by dimensional regularization. We use
Id = −
∫
ddp
(2π)d
(
1
p2
− 1
p2 +m2n
)
=
(m2n)
d/2−1
(4π)
d
2
Γ(1− d/2), (37)
then set ǫ = 4− d and expand. This yields
Iǫ =
m2n
(4π)2
(
4πµ2
m2n
) ǫ
2
Γ
( ǫ
2
− 1
)
=
m2n
(4π)2
[
−2
ǫ
− 1 + γ + ln
(
m2n
4πµ2
)
+O(ǫ)
]
, (38)
where we have reintroduced the scale factor µ arising by going to d dimensions and γ is
the Euler–Mascheroni constant. From this we can extract the finite part, that is
I ′4 =
m2n
(4π)2
[
−1 + γ + ln
(
m2n
4πµ2
)]
, (39)
which is explicitly dependent on the cut-off µ. Then,
u(0) =
(N2 − 1)2
2N
αs
4π
[
−1 + γ +
∞∑
n=0
Bn ln
(
m2n
4πµ2
)]
, (40)
where use has been made of the identity
∑∞
n=0Bn = 1 and αs = g
2/4π.
One can see that, if for the Kugo–Ojima function holds u(0) = −1 granting confine-
ment, we obtain a running coupling αs(µ
2) given by the following equation
(N2 − 1)2
2N
αs(µ
2)
4π
[
−1 + γ +
∞∑
n=0
Bn ln
(
m2n
4πµ2
)]
= −1. (41)
This equation, consistently with our approach, is exact. Indeed, in the high-energy limit,
we get the asymptotic freedom limit for SU(3) as
αs(µ
2) =
3π
8 ln
(
µ2
σ
) , (42)
where use has been made of eq. (30) for the spectrum of the theory and we have introduced
the string tension σ = (0.44 MeV)2 obtained from experimental data that we keep here
fixed. The square root of the string tension represents the gap into the spectrum of the
theory and, when one accounts for quarks, characterizes the glueball spectrum. This
result should compare with the asymptotic freedom limit given by [42]
αs(µ
2) =
12π
(33− 2nf) ln
(
µ2
σ
) , (43)
with nf being the number of flavours of quarks that here we take to be 0 and we assume
σ also here for the integration constant coming from the equation of the renormalization
group. This is just for reasons of numerical comparison but we note that it is physically
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meaningful anyway. In this way, one gets the ratio between eqs.(43) and (42) equal to
96/99 ≈ 0.97, very near 1, but we should remember that the former is a perturbative
result in an asymptotic series.
We can also compare with the experimental value of αs at MZ , the mass of the Z
vector boson. From [42] one has the world average value αs(M
2
Z) = 0.1181 ± 0.0011
while our result is αs(M
2
Z) = 0.110 ± 0.005, having estimated an error of 22 MeV on√
σ. The agreement is within an error of about 7%. We have not accounted contribution
of quarks in this computation. We just note that the analogous limit from perturbative
QCD has a higher error. Also, the perturbative result is very near to this value being
about 0.107± 0.005.
5 β function
So far, we have evaluated the running coupling, given by eq. (41), fixing the gap in the
spectrum of the theory, given by eq. (30). This requires solving the eq. (41) by iteration.
Notwithstanding, this yields excellent results for asymptotic freedom; we need to see if
this agreement will extend for all the energy range. This can be done by deriving the β
function from eq. (41) without any approximation. We do it by noting that the spectrum
depends on αs and, normally, we set for the string tension (the gap in the spectrum)
σ = σ0
√
2πNαs. (44)
The idea is to use σ0 as an energy scale for the ultraviolet cut-off µ we introduced in the
preceding section after renormalization of the u function. Given this, we can derive the β
function from eq. (41) in a straightforward manner. This gives the renormalization group
equation
dαs
dl
= −β0 α
2
s
1− 1
2
β0αs
, (45)
with β0 = (N
2 − 1)2/8πN . We have set l = ln(µ2/σ0) as an independent variable. This
result should compare with the exact β function obtained for SUSY Yang–Mills theory
[43, 44]
dαs
dl
= −3N
4π
α2s
1− 1
2π
Nαs
, (46)
and the Ryttov and Sannino hypothesis for Yang–Mills theory [45]
dαs
dl
= − 3N
12π
α2s
1− 34
44π
Nαs
. (47)
It should be pointed out that the Ryttov–Sannino hypothesis, also being inspired by the
SUSY result of eq. (46), is founded on the perturbative results of asymptotic freedom as
given in [42].
It is interesting to note that, in the formal limit αs → ∞, SUSY Yang–Mills theory
gives for the β function 3αs/2 while our equation yields 2αs in the same limit. However,
Ryttov and Sannino would get about 0.3αs in the same limit.
6 Conclusions
Using the approaches developed in [2, 3] and [4–8], we were able to give a rigorous proof
of confinement for non-Abelian gauge theories in four dimensions as a consequence of
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the BRST invariance and the asymptotic freedom. Our results are based on the exact
solutions obtained in [24] for the correlation functions. These are obtained by solving
the set of Schwinger–Dyson equations exactly, without truncation, to obtain the exact
two-point function. As a by-product, we get an exact equation for the running coupling
of the theory.
We hope to extend this proof to the case of QCD with fermions in a future communi-
cation.
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Appendix: Dyson–Schwinger equations
The correlation functions are obtained when a given exact solution is known for the one-
point function i.e., one has to solve exactly the equations
∂µ∂µA
a
ν−
1
2α
∂ν(∂
µAaµ)+gf
abcAbµ(∂µA
c
ν−∂νAcµ)+gfabc∂µ(AbµAcν)+g2fabcf cdeAbµAdµAeν = 0.
(48)
In the Landau gauge (α→ 0), these are exactly given in the form
Aaν(x) = η
a
ν
(
2
Ng2
) 1
4
µ · sn(px,−1), (49)
with sn(px,−1) the Jacobi snoidal elliptic function and ηaµ being a set of constants to
be determined depending on the problem at hand (e.g., for SU(2) one can take η11 =
η22 = η
3
3 = 1, all other components being zero) and µ an integration constant with the
dimension of an energy. This holds provided the following dispersion relation holds
p2 =
√
Ng2
2
µ2. (50)
Solutions given in eq.(49) appear as massive solution, due to the dispersion relation (50),
even if we started from a massless theory.
Then, if we use these solutions as one-point function of the set of Schwinger–Dyson
equations for a non-Abelian gauge theory without fermions, given by [24], we are able to
compute the two-point functions exactly, without any approximation or truncation. We
use the approach devised in [37]. Indeed, to get the Schwinger–Dyson equations one has
to start from the quantum equations of motion that have the form
∂µ∂µA
a
ν + gf
abcAbµ(∂µA
c
ν − ∂νAcµ) + gfabc∂µ(AbµAcν) + g2fabcf cdeAbµAdµAeν
= gfabc∂ν(c¯
bcc) + jaν ,
∂µ∂µc
a + gfabc∂µ(Abµc
c) = εa. (51)
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We fix the gauge to the Landau gauge, α → 0, and c, c¯ are the ghost fields. Averaging
on the vacuum state and dividing by the partition function ZYM [j, ε¯, ε], one has
∂2G
(j)a
1ν (x) + gf
abc(〈Abµ∂µAcν〉 − 〈Abµ∂νAcµ〉)Z−1YM [j, ε¯, ǫ] + gfabc∂µ〈AbµAcν〉Z−1YM [j, ε¯, ε]
+g2fabcf cde〈AbµAdµAeν〉Z−1YM [j, ε¯, ε] = gfabc〈∂ν(c¯bcc)〉Z−1YM [j, ε¯, ε] + jaν ,
∂2P
(ε)a
1 (x) + gf
abc∂µ〈Abµcc〉Z−1YM [j, ε¯, ε] = εa. (52)
The one-point function is given by
G
(j)a
1ν (x)ZYM [j, ε¯, ǫ] = 〈Aaν(x)〉,
P
(ε)a
1 (x)ZYM [j, ε¯, ǫ] = 〈ca(x)〉. (53)
Deriving once with respect to currents, at the same point because of the averages on the
vacuum (see [37]), one has
G
(j)ab
2νκ (x, x)ZYM [j, ε¯, ǫ] +G
(j)a
1ν (x)G
(j)b
1κ (x)ZYM [j, ε¯, ǫ] = 〈Aaν(x)Abκ(x)〉,
P
(ε)ab
2 (x, x)ZYM [j, ε¯, ǫ] + P¯
(ε)a
1 (x)P
(ε)b
1 (x)ZYM [j, ε¯, ǫ] = 〈c¯b(x)ca(x)〉,
∂µG
(j)ab
2νκ (x, x)ZYM [j, ε¯, ǫ] + ∂µG
(j)a
1ν (x)G
(j)b
1κ (x)ZYM [j, ε¯, ǫ] = 〈∂µAaν(x)Abκ(x)〉,
K
(ε,j)ab
2ν (x, x)ZYM [j, ε¯, ǫ] + P
(ε)a
1 (x)G
(j)b
1ν (x)ZYM [j, ε¯, ǫ] = 〈ca(x)Abν(x)〉, (54)
and twice
G
(j)abc
3νκρ (x, x, x)ZYM [j, ε¯, ǫ] +G
(j)ab
2νκ (x, x)G
(j)c
1ρ (x)ZYM [j, ε¯, ǫ] +
G
(j)ac
2νρ (x, x)G
(j)b
1κ (x)ZYM [j, ε¯, ǫ] +G
(j)a
1ν (x)G
(j)bc
2κρ (x, x)ZYM [j, ε¯, ǫ] +
G
(j)a
1ν (x)G
(j)b
1κ (x)G
(j)c
1ρ (x)ZYM [j, ε¯, ǫ] = 〈Aaν(x)Abκ(x)Acρ(x)〉. (55)
These give us the first set of Schwinger–Dyson equations as
∂2G
(j)a
1ν (x) + gf
abc(∂µG
(j)bc
2µν (x, x) + ∂
µG
(j)b
1µ (x)G
(j)c
1ν (x)− ∂νG(j)µbc2µ (x, x)− ∂νG(j)b1µ (x)G(j)µc1 (x))
+gfabc∂µG
(j)bc
2µν (x, x) + gf
abc∂µ(G
(j)b
1µ (x)G
(j)c
1ν (x))
+g2fabcf cde(G
(j)µbde
3µν (x, x, x) +G
(j)bd
2µν (x, x)G
(j)µe
1 (x)
+G
(j)eb
2νρ (x, x)G
(j)ρd
1 (x) +G
(j)de
2µν (x, x)G
(j)µb
1 (x) +
G
(j)µb
1 (x)G
(j)d
1µ (x)G
(j)e
1ν (x)) = gf
abc(∂νP
(ε)bc
2 (x, x) + ∂ν(P¯
(ε)b
1 (x)P
(ε)c
1 (x))) + j
a
ν ,
∂2P
(ε)a
1 (x) + gf
abc∂µ(K
(ε,j)bc
2µ (x, x) + P
(ε)b
1 (x)G
(j)c
1µ (x)) = ε
a. (56)
By setting the currents to zero and noticing that, by translation invariance, one has
G2(x, x) = G2(x− x) = G2(0), G3(x, x, x) = G3(0, 0) and K2(x, x) = K2(0), we get
∂2Ga1ν(x) + gf
abc(∂µGbc2µν(0) + ∂
µGb1µ(x)G
c
1ν(x)− ∂νGνbc2µ (0)− ∂νGb1µ(x)Gµc1 (x))
+gfabc∂µGbc2µν(0) + gf
abc∂µ(Gb1µ(x)G
c
1ν(x))
+g2fabcf cde(Gµbde3µν (0, 0) +G
bd
2µν(0)G
µe
1 (x)
+Geb2νρ(0)G
ρd
1 (x) +G
de
2µν(0)G
µb
1 (x) +
Gµb1 (x)G
d
1µ(x)G
e
1ν(x)) = gf
abc(∂νP
bc
2 (0) + ∂ν(P¯
b
1 (x)P
c
1 (x))),
∂2P a1 (x) + gf
abc∂µ(Kbc2µ(0) + P
b
1 (x)G
c
1µ(x)) = 0. (57)
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This set of Schwinger–Dyson equations can be solved exactly in the Landau gauge with
the aforementioned exact solutions. This is so by noting that the contributions coming
from Gab2µν(0), P
ab
2 (0), G
µbde
3µν (0, 0) and K
bc
2µ(0) are zero in this case due to the fact that
they give a symmetric group contribution against the antisymmetric structure constants
of the group itself. Then, one gets that the ghost one-point function decouples and can
be assumed to be a constant and does not contribute to the gluon one-point function.
The Schwinger–Dyson equation for the two-point functions can be obtained by further
deriving eq. (56). One has
∂2G
(j)am
2νκ (x− y) + gfabc(∂µG(j)bcm3µνκ (x, x, y) + ∂µG(j)bm2µκ (x− y)G(j)c1ν (x) + ∂µG(j)b1µ (x)G(j)cm2νκ (x− y)
−∂νG(j)µbcm3µκ (x, x, y)− ∂νG(j)bm2µκ (x− y)G(j)µc1 (x))− ∂νG(j)b1µ (x)G(j)µcm2κ (x− y))
+gfabc∂µG
(j)bcm
3µνκ (x, x, y) + gf
abc∂µ(G
(j)bm
2µκ (x− y)G(j)c1ν (x)) + gfabc∂µ(G(j)b1µ (x)G(j)cm1νκ (x− y))
+g2fabcf cde(G
(j)µbdem
4µνκ (x, x, x, y) +G
(j)bdm
3µνκ (x, x, y)G
(j)µe
1 (x) +G
(j)bd
2µν (x, x)G
(j)µem
2κ (x− y)
+G
(j)acm
3νρκ (x, x, y)G
(j)ρb
1 (x) +G
(j)eb
2νρ (x, x)G
(j)ρdm
2κ (x− y)
+G
(j)de
2νρ (x, x)G
(j)ρbm
2κ (x− y) +G(j)µb1 (x)G(j)dem3µνκ (x, x, y) +
G
(j)µbm
2κ (x− y)G(j)d1µ (x)G(j)e1ν (x) +G(j)µb1 (x)G(j)dm2µκ (x− y)G(j)e1ν (x) +G(j)µb1 (x)G(j)d1µ (x)G(j)em2νκ (x− y))
= gfabc(∂νK
(jε)bcm
3κ (x, x, y) + ∂ν(P¯
(ε)b
1 (x)K
(jε)cm
2κ (x, y)))
+∂ν(K¯
(jε)bm
2κ (x, y)P
(ε)c
1 (x))) + δamgνκδ
4(x− y),
∂2P
(ε)am
2 (x− y) + gfabc∂µ(K(ε,j)bcm3µ (x, x, y) + P (ε)bm2 (x− y)G(j)c1µ (x) +
P
(ε)b
1 (x)K
(jε)cm
2µ (x− y)) = δamδ4(x− y),
∂2K
(jε)am
2κ (x− y) + gfabc∂µ(L(ε,j)bcm2µκ (x, x, y) +
K
(jε)bm
2κ (x− y)G(j)c1µ (x) + P (ε)b1 (x)G(j)cm2µκ (x− y)) = 0. (58)
By setting currents to zero and using translation invariance, the above mentioned relations
yield
∂2Gam2νκ(x− y) + gfabc(∂µGbcm3µνκ(0, x− y) + ∂µGbm2µκ(x− y)Gc1ν(x) + ∂µGb1µ(x)Gcm2νκ(x− y)
−∂νGµbcm3µκ (0, x− y)− ∂νGbm2µκ(x− y)Gµc1 (x))− ∂νGb1µ(x)Gµcm2κ (x− y))
+gfabc∂µGbcm3µνκ(0, x− y) + gfabc∂µ(Gbm2µκ(x− y)Gc1ν(x)) + gfabc∂µ(Gb1µ(x)Gcm1νκ(x− y))
+g2fabcf cde(Gµbdem4µνκ (0, 0, x− y) +Gbdm3µνκ(0, x− y)Gµe1 (x) +Gbd2µν(0)Gµem2κ (x− y)
+Gacm3νρκ(0, x− y)Gρb1 (x) +Geb2νρ(0)Gρdm2κ (x− y) +Gde2νρ(0)Gρbm2κ (x− y) +Gµb1 (x)Gdem3µνκ(0, x− y) +
Gµbm2κ (x− y)Gd1µ(x)Ge1ν(x) +Gµb1 (x)Gdm2µκ(x− y)Ge1ν(x) +Gµb1 (x)Gd1µ(x)Gem2νκ(x− y))
= gfabc(∂νK
bcm
3κ (0, x− y) + ∂ν(P¯ b1 (x)Kcm2κ (x− y))) + ∂ν(K¯bm2κ (x− y)P c1 (x))) + δamgνκδ4(x− y)
∂2P am2 (x− y) + gfabc∂µ(Kbcm3µ (0, x− y) + P bm2 (x− y)Gc1µ(x) +
P b1 (x)K
cm
2µ (x− y)) = δamδ4(x− y),
∂2Kam2κ (x− y) + gfabc∂µ(Lbcm2µκ(0, x− y) +
Kbm2κ (x− y)Gc1µ(x) + P b1 (x)Gcm2µκ(x− y)) = 0. (59)
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